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A model for multicomponent gas separation using hollow-fiber membrane modules is
presented that explicitly accounts for heating or cooling inside membrane permeators
due to gas expansion. The model permits simulation of countercurrent contacting with

( )permeate purging or sweep . The numerical approach permits rapid and stable solu-
tions for cases with many components, e®en when the mixture contains components
with widely ®arying permeability coefficients. Simulation results are presented for natu-
ral-gas sweetening, a commercially significant application, using polymer permeation
properties similar to those of a high-performance polyimide. For some conditions, tem-
perature decreases from the feed to residue end of the module by as much as 408C. As
CO concentration in the feed increases or as stage cut increases, the temperature de-2
crease from feed to residue increases. Relati®e to an isothermal case, expansion-dri®en
cooling reduces stage cut at a gi®en feed flow rate since gas permeability decreases with
decreasing temperature. Neglect of expansion-dri®en cooling in natural-gas separation
simulations can lead to large errors in estimating the amount of feed gas that can be
treated to achie®e a fixed residue composition. For 30% CO feed concentration, if the2

(effecti®e membrane thickness is hal®ed, only a 20% increase rather than almost a
)factor of 2 in the amount of gas that can be treated per unit area is obtained due to the

impact of expansion-dri®en cooling on gas flux.

Introduction and Background

Membrane-based gas separation is an important unit oper-
ation for the separation of air into high-purity nitrogen and

Žoxygen-enriched air; removal of acid gases such as CO and2
.H S from natural gas; H separation from mixtures with CO,2 2

CO , N , and hydrocarbons in a variety of petrochemical2 2
Žprocesses; and removal of organic vapors from air Baker and

.Wijmans, 1994; Henis, 1994 . Models are required to predict
the performance of gas-separation modules for process de-
sign and optimization. In this study, hollow-fiber membrane
modules are the focus of modeling efforts because of their

Correspondence concerning this article should be addressed to B. D. Freeman.

widespread industrial use for membrane-based gas separa-
tion.

Excellent reviews of existing models of membrane gas per-
Ž .meators are presented by Kovvali et al. 1992 and by Lip-

Ž . Žscomb 1996 . For highly simplified cases such as perfectly
.mixed residue and feed , analytical solutions are available

ŽNaylor and Backer, 1955; Smith et al., 1996; Weller and
.Steiner, 1950 . Solutions for more complex cases can be ob-

tained by series approximations or asymptotic analyses of the
underlying differential equations governing mass transfer and

Žpressure distribution in the module Basaran and Auvil, 1988;
.Boucif et al., 1984; Krovvidi et al., 1992 , by solving the gov-

erning differential equations directly as a two-point bound-
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Žary-value problem using shooting techniques Kovvali et al.,
. Ž .1992 , or by finite-element methods Coker et al., 1998 .

The models just described assume that the membrane
module operates isothermally. However, the expansion of the

Ž .residue that is, high-pressure gas in a membrane module to
the lower pressure in the permeate stream can be accompa-
nied by a change in temperature if the gas mixture is non-
ideal. The most common example of this effect is the well-
known Joule-Thomsom cooling of gas passing through an adi-
abatic expansion valve. In this process, gas enthalpy remains
constant as the gas expands from the high-pressure side of
the valve to the low-pressure side, but pressure and specific
volume change. For nonideal gases, this process can lead to
the expanded gas being at either a higher or lower tempera-
ture than the compressed gas. Ideal gases do not undergo
expansion-driven heating or cooling and therefore do not
change temperature upon expansion in an adiabatic valve.

Limited studies of the effect of expansion-driven cooling
have been reported for membranes. Rautenbach and Dahm
used Joule-Thomson coefficients and a cross-flow mass-trans-
fer model to analyze the influence of expansion-driven cool-
ing of CO rCH binary mixtures on temperature distribution2 4

Ž .in the module Rautenbach and Dahm, 1987 . The mem-
Žbrane was treated as a perfect insulator that is, no exchange

of energy between permeate and retentate streams as a result
.of conductive heat transfer . They concluded that the de-

crease in temperature resulting from this effect could cause
as much as 20% variations in the permeate composition for

Žthe specific natural-gas separation cases they considered due
to changes in membrane permeability and selectivity with

.temperature . The magnitude of this effect was predicted to
be greater for mixtures having larger differences between the
activation energies of permeation of the two components.

Gorissen analyzed temperature changes in a cross-flow
Ž .membrane module for binary gas mixtures Gorissen, 1987 .

The membrane was also treated as a perfect insulator. Pres-
sure changes in the membrane contactor were neglected, and
the temperature dependence of permeability was not consid-

Ž .ered. Three gas mixtures were analyzed: 1 H rCO separa-2
Ž . Ž .tion from a methane reformer; 2 O rN separation; and 32 2

CO rCH separation from biogas. The first two cases showed2 4
little change in temperature. The temperature increased by
approximately 38C for the H rCO separation, and decreased2
by about the same amount for the air-separation case. These
results are in agreement with the sign of the Joule-Thomson
coefficients for these gases. In the biogas case, however, large
temperature changes were observed. The exit temperature
from the module was calculated to be 308C lower than the
feed temperature for a 40 mole % CO mixture with methane2
at a feed temperature of 408C, a feed pressure of 70 bar, a
permeate pressure of 2 bar, and a stage cut of 46%.

Ž .Cornelissen 1973 modeled heat transfer across an asym-
metric spiral-wound membrane. Cornelissen suggested that
the use of Joule-Thomson coefficients to estimate tempera-
ture changes in membrane units was incorrect since there is
no separation as the gas mixture expands in a Joule-Thomson
device and, in principle, the membrane permeation process is
not necessarily isenthalpic. Based on a detailed analysis of
heat transfer across a composite membrane, Cornelissen con-
cluded that polymer membranes used commercially in mem-
brane permeators were essentially infinitely conductive. This

conclusion is contrary to the assumption used by Rautenbach
and Dahm, and Gorissen. For CO rCH separations in a2 4
spiral-wound separator, Cornelissen used a cross-flow model
to calculate temperature differences in the module approach-
ing 258C at a stage cut of approximately 35%. In summary,
the available literature suggests that expansion-driven cooling
of gas mixtures relevant to natural-gas separations may lead
to significant decreases in residue temperature relative to that
of the feed. These models treat only binary mixtures, and
none of them analytically addresses such effects in counter-
current hollow-fiber separation modules.

In this work, we present a multicomponent, countercurrent
simulator for hollow-fiber membrane modules that incorpo-
rates coupled mass and energy balances to simulate perme-
ator performance. The energy balance is derived by applying

Žthe thermal-energy balance that is, the first law of thermody-
.namics to the gas in the shell and bore of the hollow-fiber

module. The differential energy balance is integrated to de-
rive an appropriate macroscopic energy balance that is then
applied to axial increments in the module. A detailed model
of heat transfer across the fiber wall is incorporated to allow
the membrane heat-transfer coefficient to be set to any value

Ž . Ž .from 0 perfect insulator to infinity perfectly conductive .
An analysis of typical fiber properties is presented to guide
selection of appropriate heat-transfer coefficient values. The
energy balance is coupled to our previous multicomponent

Ž .model Coker et al., 1998 , which solves the governing differ-
ential mass and pressure distribution in a hollow-fiber gas-
separation permeator. A finite difference computational
scheme, which does not rely on sometimes unstable, conven-
tional shooting techniques, is used for numerical integration.
Our numerical scheme permits rapid resolution of the differ-
ential mass, pressure, and temperature distribution equations

Ž .even at very high stage-cuts )95% for mixtures containing
many components and wide variations in component perme-
ances. The model is developed for countercurrent contacting
patterns with or without permeate purging. Results are pre-
sented that demonstrate the effect of feed-gas composition
and flowrate on temperature profiles for natural-gas separa-
tion.

Mathematical Model
Figure 1 depicts the flow configuration and internal struc-

ture of a typical hollow-fiber gas-separation module. The hol-

Figure 1. Hollow-fiber module showing component dis-
tribution in air separation.
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low-fiber bundle is sealed on both ends by epoxy tube sheets
and is contained inside a high-pressure housing. Feed gas can

Žbe introduced into the bore of the hollow fibers as shown in
.Figure 1 or on the shell side of the module. For air separa-

tion, bore-side feed is commonly used commercially. For hy-
drogen and natural-gas separations, transmembrane pres-
sures are much greater and shell-side feed is typical. Me-
chanically, the hollow fibers can sustain a much greater pres-
sure difference across the fiber wall if the high-pressure gas
is fed on the shell side rather than through the lumen of the
fiber.

The principal assumptions underpinning the model are:
1. Shell-side pressure change is negligible.
2. Bore-side pressure change is given by the Hagen-

Ž .Poiseuille equation Bird et al., 1960 .
3. The hollow fibers consist of a very thin membrane sepa-

ration layer on a porous support. All mass-transfer resistance
is confined to the separation membrane or the total mem-
brane wall.

4. There is no axial mixing of shell- or lumen-side gases in
the direction of bulk gas flow.

5. The gas on the shell side of the hollow fibers and in the
lumen is in plug flow.

6. Deformation of the hollow fibers under pressure is neg-
ligible.

7. All fibers have uniform inner and outer radii as well as
a uniform separation-layer thickness.

8. The membrane module is operated at steady state.
9. The Redlich-Kwong equation of state adequately de-

Ž .scribes the pressure]volume]temperature PVT properties
Ž .of the gas mixture Reid et al., 1987 .

10. The module is adiabatic.
11. Axial convective heat transfer dominates axial conduc-

tive heat transfer except at the sealed end of the hollow fibers.
12. Effects of viscous dissipation and reversible work are

negligible or offset one another.
13. No condensation occurs by the expansion-driven cool-

ing process.
As explained in more detail in the following sections, the

hollow-fiber module is divided into a series of N stages in
the axial direction, and mass and energy balances are en-
forced in each section. This procedure is formally equivalent
to using first-order finite differences to develop a set of cou-
pled difference equations from the differential mass balances
for this problem. The mass and pressure-distribution equa-

Žtions have been published previously Coker et al., 1998; Lip-
.scomb, 1996; Pan, 1986 .

Energy Balance
The steady-state, point thermal energy balance for gas on

Ž .the shell or bore side of the fibers is Whitaker, 1985 :

r © ?=H sy=? qq© ?=Pq=©:t , 1Ž .

where H is enthalpy per unit mass of gas; r is gas density; ©
is gas velocity; P is gas pressure; and t is the stress tensor.
The net flux of energy per unit volume of gas due to conduc-
tion is y=? q; the net energy flux per unit volume due to
convection is r © ?=H; the rate of reversible work per unit

Figure 2. Cross section of hollow-fiber module and
control volumes for energy balance.

volume is © ?=P; and the rate of irreversible work per unit
Ž .volume of gas that is, viscous dissipation is =©:t . To obtain

the macroscopic thermal energy balance used to model heat
transfer in each section of the membrane module, Eq. 1 is
integrated over the shell-side control volume and the tube-
side control volumes shown by the dashed lines in Figure 2.
The integrals are taken over the volume of gas contained in
the shell-side control volume element of length D z and over
the tube-side control volume element of length D z. The inte-
gration of the energy balance is performed over a control
volume V that represents either the shell-side or tube-side1
control volume. Afterwards, the results are specialized for the
tube side and shell side of each element of length D z. Then,
the shell- and tube-side energy balances of each element are
combined to form a set of nonlinear algebraic equations that
are solved to calculate the temperature profile in the module.

The integral of Eq. 1 over the control volume V is1

r © ?=H dV sy =? q dV q © ?=Pq=©:t dV . 2Ž .H H H
V V V1 1 1

Applying the divergence theorem to the convective and con-
ductive heat-transfer terms yields:

rH© ? n dAsy q ? n dAq © ?=Pq=©:t dV , 3Ž .H H H
A A V1 1 1
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where A is the area of the control volume V , and n is the1 1
unit normal, which is directed outward from the surface of
the control volume. The last integral in Eq. 3 represents the
contributions of reversible work and viscous dissipation to the
thermal-energy balance. As demonstrated in Appendix A,
these two terms may be significant for typical flow rates of
gas in hollow fibers. However, the terms are opposite in sign
and, for an ideal gas, cancel each other. For nonideal gas
mixtures, such as the CO rCH mixtures considered in this2 4
study, these two terms do not cancel perfectly. However, for
most of the cases considered in this study, the net effect is
expected to be small, so these terms are neglected in the re-
mainder of this analysis. With this assumption, the thermal-
energy balance over the control volume becomes

rH© ? n dAsy q ? n dA. 4Ž .H H
A A1 1

The integrals in Eq. 4 can be written as a sum of integrals
over the faces of the control volume:

m

rH© ? n dAs rH© ? n dA, 5Ž .H HÝ
A A1 1 , iis1

where m is the number of faces or sides of the control vol-
ume. The bulk or mixing cup enthalpy per unit mass on face i
of the control volume is defined as follows:

rH© ? n dAH
A1 , iĤ ' . 6Ž .i

r © ? n dAH
A1 , i

The mass flow rate through face i of the control volume, w ,i
is defined as

w ' r © ? n dA. 7Ž .Hi
A1 , i

The heat flow through face i of the control volume due to
˙conduction, Q , is defined asi

Q̇ 'y q ? n dA. 8Ž .Hi
A1 , i

Combining Eqs. 4]8 yields:

m m
ˆ ˙w H s Q . 9Ž .Ý Ýi i i

is1 is1

Heat flow due to conduction in the axial direction is much
less important than convective heat transfer in the axial di-
rection for simulation conditions of industrial interest. This
assumption is valid for flow in tubes if the following criterion

Ž .is met Whitaker, 1985 :

L
RePr 41, 10Ž .

D

where Re is the Reynolds number, defined for tubeside feed
² :to be Res D ® rn ; Pr is the Prandtl number; D is the in-i i

² :side diameter of the fibers; ® is the average axial velocity
of gas through a fiber; and n is the gas kinematic viscosity.
For a tube-side air-separation membrane containing 500,000
fibers of inside diameter 150 mm and operating at a total

3Ž . Ž .feed flow rate of 1416 m STP rhour 50,000 SCFH , the
maximum average velocity in a fiber is 44.5 mrs. The kine-
matic viscosity of air at ambient conditions is 1.3=10y5 m2rs
Ž .Whitaker, 1985 , so the Reynolds number will be approxi-
mately 510. The Prandtl number of air at ambient conditions

Ž .is 0.72 Whitaker, 1985 . If the active fiber length, L, is 0.8
Ž . 6m, then RePr LrD f2=10 , which clearly satisfies Eq. 10.

In fact, feed flow rates many orders of magnitude lower would
also satisfy Eq. 10, so the assumption of negligible axial con-
duction is satisfactory everywhere in the module except at
points where gas flow rate is zero, such as the closed end of
the fibers. At such points, there is no heat transfer since the
module is adiabatic in this analysis. A similar analysis of

Žshell-side feed for fiber packings of 50% typical of industrial
.modules suggests that this approximation is also valid for

shell-side feed flow. Additionally, the approximation should
also be valid for shell- or tube-side permeate flow under typi-
cal industrial membrane contactor operating conditions.
Therefore, Eq. 9, the energy balance over a control volume
of length D z, is simplified to

m
ˆ ˙w H sQ 11Ž .Ý i i mem

is1

˙where Q is the net rate of conductive energy flow acrossmem
the hollow-fiber wall.

In the derivation that follows, it will be more convenient to
refer to a single element of the membrane module as shown
in Figure 3A. Figure 3B shows the entire membrane module
divided into N elements. When Eq. 11 is applied to the

Ž .residue or feed side of the membrane element shown in
Figure 3A, the result is

K
L L Lˆ ˆ ˆ ˙H L s H L q H m yQ , 12Ž .˙Ýkq1 kq1 k k kq1 j , k mem R

js1

where L is the residue flow rate to stage k from stagekq1
˙kq1; L is the total residue flow rate leaving stage k; Qk mem R

is the net rate of conductive heat flow across the fiber wall
into the residue control volume; K is the number of compo-
nents in the mixture; and m is the mass flow rate of com-˙ j, k
ponent j that leaves the residue side of stage k due to per-
meation across the membrane. In Eq. 12, the gas leaving the
residue due to permeation through the fiber wall is assigned

Ž .the enthalpy per unit mass of the feed stream entering stage
ˆLk, H . One could also set the thermodynamic properties ofkq1

the gas permeating across the membrane wall to that of the
residue gas leaving the stage. However, when the size of stage
k, D z, is small, there is no significant difference in the calcu-
lated temperature profile using either method to evaluate the
enthalpy of the gas permeating through the fiber wall. Apply-
ing Eq. 11 to stage k gives

ˆL ˆV ˆL ˆVH L q H V s H L q H V , 13Ž .kq1 kq1 ky1 ky1 k k k k
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( ) ( )Figure 3. A Stage k of membrane module; B membrane module divided into N stages.

where V is the permeate flow rate entering stage k, andky1
V is the permeate flow rate leaving stage k.k

The mass flow rate of component j in the gas mixture per-
Ž .meated on stage k is given by Barrer 1942 , Ghosal and

Ž . Ž .Freeman 1994 , and Graham 1866

m sQ D A P Lx y PVy , 14Ž .˙ Ž .j, k j k k j , k k j , k

Žwhere Q is the permeance that is, permeability divided byj
. Lactive layer membrane thickness of component j; and Pk

and PV are the residue and permeate pressures on stage k;k
D A is the area available for mass transfer on stage k, and isk
defined as follows:

2p R LNo f
D A s , 15Ž .k N

Ž .where L is the active or permeating length of the hollow
fibers in the module; N is the number of fibers in the mod-f
ule; N is the number of increments into which the module is
divided; and R is the outer radius of the hollow fiber. Theo

Žalgorithm for determining N was presented previously Coker
.et al., 1998 .

The enthalpies appearing in Eqs. 12 and 13 are evaluated
as follows:

ˆL O, L LH s H yekq1 kq1 kq1

V O , V VĤ s H yeky1 ky1 ky1

L O , L LĤ s H yek k k

V O , V VĤ s H ye 16Ž .k k k

where H O, L, H O, L, H O, V, and H O, V are the ideal gas en-kq1 k ky1 k
Ž .thalpies Jrkmol of the residue stream entering and leaving

stage k and the ideal gas enthalpies of the permeate streams
entering and leaving stage k, respectively. e L , e L, e V ,kq1 k ky1

V Ž .and e are enthalpy departure functions Jrkmol of thek
residue stream entering and leaving stage k and enthalpy de-

parture functions of the permeate stream entering and leav-
ing stage k, respectively. The enthalpy departure functions
give the enthalpy change of the stream upon depressurization

Žfrom process pressure to zero pressure that is, the ideal gas
.state . Using the feed stream to stage k as the reference, the

enthalpies appearing in Eq. 16 may be evaluated explicitly as
Ž .shown below Prausnitz, 1969; Smith and Ness, 1987 :

ˆL LH s0yekq1 kq1

K
VTV o Vky 1Ĥ s y C dT yeHÝky1 j , ky1 p , j ky1LTkq 1js1

V V L VsC T yT yeŽ .p , ky1 ky1 kq1 ky1

K
LTL o L L L L LkĤ s x C dT ye sC T yT yeŽ .HÝk j, k p , j k p , k k kq1 kLTkq 1js1

K
VTV o V V V L VkĤ s y C dT ye sC T yT ye ,Ž .HÝk j, k p , j k p , k k kq1 kLTkq 1js1

17Ž .

where the average ideal gas heat capacities of the gas mix-
Ž Ž ..tures Jr kmol K in the permeate stream entering stage k,

leaving stage k, and in the residue stream leaving stage k are
V V LC , C , and C , respectively. The heat capacities arep, ky1 p, k p, k

calculated using the power-series representation for the tem-
perature dependence of heat capacity in the monograph by

Ž .Lide and Kehiaian 1994 . For example, the heat capacity of
the permeate stream entering stage k is calculated as follows:

K 5y Vj, ky1 TV iy1ky 1C s A T dTHÝ Ýp , ky1 i , jV L LT yT TŽ .ky1 kq1 kq 1js1 is1

K 5y A i ij, ky1 i , j V Ls T y T , 18Ž .Ž . Ž .Ý Ý ky1 kq1V L iT yTŽ .ky1 kq1js1 is1
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where A is the ith coefficient in the power-series represen-i, j
tation of the ideal gas heat capacity of component j.

We use the Redlich-Kwong equation of state to evaluate
the enthalpy departure functions in Eq. 17. This model or
variations of it are widely used in the gas processing industry,
and its properties are well understood. For this equation of

Ž .state, the results are Reid et al., 1987

L L3 a bkq1 kq1L L L Lˆe s RT y P V q ln 1qkq1 kq1 kq1 kq1 1r2 LL L ˆ2 Vb T kq1Ž .kq1 kq1

V V3 a bky1 ky1V V V Vˆe s RT y P V q ln 1qky1 ky1 ky1 ky1 1r2 VV V ˆ2 Vb T ky1Ž .ky1 ky1

L L3 a bk kL L L Lˆe s RT y P V q ln 1qk k k k 1r2 LL L ˆ2 Vb T kŽ .k k

V V3 a bk kV V V Vˆe s RT y P V q ln 1q , 19Ž .k k k k 1r2 VV V ˆ2 Vb T kŽ .k k

ˆL ˆL ˆV ˆVwhere V , V , V , and V are the specific volumes ofkq1 k ky1 k
the residue stream entering and leaving stage k and the spe-
cific volumes of the permeate streams entering and leaving
stage k, respectively. The Redlich-Kwong mixture coeffi-
cients for each stream are given by the a and b coefficients
in Eq. 19. The mixing rules for a and b as well as correla-
tions to determine them based on the critical temperature
and pressure of the components in the mixture are well known
Ž .Reid et al., 1987 . If another equation of state provides a
better description of the gas-mixture thermodynamic proper-
ties, one could evaluate the enthalpy departure functions for
the desired equation of state according to published methods
Ž .Reid et al., 1987 .

Combining Eqs. 13 and 17 gives

1
V L V V LT sT q V C T yTŽ .k kq1 ky1 p , ky1 ky1 kq1VV Ck p , k

L L Ly L C T yT yd , 20Ž .Ž .k p , k k kq1 k

where d isk

d s L e L qV e V yV e Vy L e L. 21Ž .k kq1 kq1 ky1 ky1 k k k k

To complete the problem formulation, a model for heat
transfer across the fiber wall is required. In this model, we
assume that the gas permeating the membrane does so isen-
thalpically. In this limit, the rate of heat transfer from the
residue face of the membrane to the bulk residue gas is equal
to the absolute value of the rate of heat transfer from the
permeate face of the membrane to the bulk permeate gas.
The following model for the conductive heat flow across the
membrane fiber wall is used

˙ V LQ sU D A T yT , 22Ž .Ž .mem o k k kR

where U is the overall heat-transfer coefficient. If heat iso
˙transferred from the residue to the permeate stream, QmemR

is less than zero, and greater than zero if the net flow of heat
is from the permeate to the residue stream. Appendix B pro-
vides detailed procedures to estimate the value of U . In allo
of the simulation results considered in this work, U is set too

Ž 2 .a value of 1000 Wr m K , which essentially makes the mem-
brane infinitely conductive. The results in Appendix B sug-
gest that, at typical operating conditions, gas separation
membranes in current commercial applications are essen-
tially infinitely conductive.

Formulation of energy balance as a tridiagonal matrix
Inserting Eq. 22 into Eq. 12 and using Eq. 17 gives

T Ls a LT L q 1y a L T Vqg L, 23Ž .Ž .k k kq1 k k k

where

y1
U D Ao kLa s 1q 24Ž .k LL Ck p , k

and

a L
kL L Lg s e ye . 25Ž .Ž .k k kq1LCp , k

Equation 23 is an energy balance for the residue side of stage
k in the hollow-fiber module. In a similar fashion, the
residue-side energy balance for stage ky1 may be written as
follows:

T L s a L T Lq 1y a L T V qg L . 26Ž .Ž .ky1 ky1 k ky1 ky1 ky1

An expression for the temperature of the permeate stream
leaving stage k is obtained by substituting Eq. 23 into Eq. 20
to eliminate T L. The result isk

T Vs a VT V q 1y a V T L qg V, 27Ž .Ž .k k ky1 k kq1 k

where

VV Cky1 p , ky1Va s 28Ž .k V L LV C q 1y a L CŽ .k p , k k k p , k

and

yd y a LL e Lye LŽ .k k k k kq1Vg s . 29Ž .k V L LV C q 1y a L CŽ .k p , k k k p , k

Combining Eqs. 23, 26, and 27 gives the desired result:

D T L qF T LqC T L s E , 30Ž .k kq1 k k k ky1 k
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where

D s a Lq 1y a L 1y a V 31Ž .Ž . Ž .k k k k

F sy1y a L C 32Ž .k ky1 k

1y a LŽ .kVC s a 33Ž .k k L1y aŽ .ky1

and

E sg L C yg Lyg V 1y a L . 34Ž .Ž .k ky1 k k k k

When Eq. 30 is written for each stage, the resulting set of
coupled nonlinear equations can be organized into a tridiago-
nal matrix as shown below:

LF D T1 1 1

LC F D T2 2 2 2

LC F D Tk k k k

LC F D TNy1 Ny1 Ny1 Ny1

LC F TN N N

E1

E2

Es . 35Ž .k

ENy1

LE yD TN N Nq1

In the last row, T L is the feed temperature, which is known.Nq1
If the simulation is to be run with a permeate sweep stream,
then its flow rate, V , and temperature, T V, are presumed too o

Ž .be specified. For the first stage ks1 at the residue end of
the fibers, the coefficient E is modified as follows when a1
permeate sweep is used:

E syg Lyg Vb Ly a Vb LT V. 36Ž .1 1 1 1 1 1 o

Tridiagonal matrices can be solved very efficiently using the
Ž .Thomas algorithm King, 1980 . The solution to Eq. 35 yields

the residue temperature profile throughout the module.
To begin the calculation, the temperature of the module is

set equal to the feed temperature. Then the number of axial
increments, mass, and pressure distributions are calculated

Ž .using the procedures described previously Coker et al., 1998 .
Afterwards, all coefficients in Eq. 35 are evaluated at the feed
temperature, and Eq. 35 is solved using the Thomas algo-
rithm to generate a new temperature profile. The tempera-
ture profile influences the mass distribution in the module
because permeabilities may be set to depend on temperature
and because the pressure distribution in the bore of the fibers
depends on temperature. With the new temperature profile,
the mass and pressure distributions are recalculated. Based
on the updated mass and pressure distribution, the tempera-

ture profile is updated. This iterative, successive substitution
procedure is repeated until the flow rates meet the following
criteria:

D L1 y8-10
L1

DVNq1 y8-10 37Ž .
VNq1

and until the energy balance around the entire module meets
the following criterion:

D H
y8-10 . 38Ž .

HNq1

In Eq. 37, D L and DV are the changes in total residue1 Nq1
flow and total permeate flow from one iteration to the next.
In Eq. 38, D H is the difference between the enthalpy of the
feed stream and that of the residue and permeate streams,
and H is the enthalpy of the feed stream. In practice, weNq1
find that the energy-balance criterion is usually met before
the flow rate criteria are satisfied.

The nested successive substitution method we have out-
lined could, in principle, suffer from numerical stability prob-
lems due to its limited radius of convergence. We elected to
use this numerical-solution strategy because it was the sim-
plest extension of our earlier simulator development for

Ž .isothermal gas separations Coker et al., 1998 . For the cases
that we considered, we did not have any convergence difficul-
ties over the range of operating conditions explored, which
encompass the window of practical operation of industrial
separators. One could, of course, use more sophisticated and
elegant numerical techniques, such as the Newton-Raphson
approach, to establish an inherently more stable solution
methodology. However, this approach would require more
computation overhead. For the results presented in this arti-
cle, typical countercurrent simulations require no more than
5]50 iterations to achieve convergence, and such a case re-
quires a few seconds when the simulator is run using a per-
sonal computer. Also, we verified that the number of axial
increments used in the simulations was sufficient to make the
results independent of the number of axial increments.

Once the residue temperature profile is converged, the
permeate temperature profile can be calculated directly from
Eq. 23 as follows:

T Ly a LT L yg L
k k kq1 kVT s . 39Ž .k L1y aŽ .k

Results and Discussion
Natural-gas treatment

Results are presented for both binary and multicomponent
cases with process conditions similar to those used in indus-
trial natural-gas treatment, where CO is removed from a2
mixture of methane and other hydrocarbons to adjust the

Ž .heating value of the natural gas Bhide and Stern, 1993a,b .
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Table 1. Module and Process Simulation Parameters

Feed Shell-side
Ž .Feed pressure bara 59.6

Ž .Permeate pressure bara 1.70
Ž .Feed temperature 8C 50

Ž .Fiber outside diameter mm 300
Ž .Fiber inside diameter mm 150

Ž .Fiber length m 1
Ž .Fiber pot length m 0.1

Number of fibers 500,000
U2Ž .Active membrane area m 377

U Ž .ŽActive membrane area is calculated as p fiber outside diameter fiber
Ž .. Ž .lengthy2 fiber pot length number of fibers . This module configura-

tion has the active separating layer on the exterior of the fiber. The
fibers are potted on each end.

Table 1 gives the module and process conditions used in these
simulations. The permeance values used for the components
in the model natural-gas mixtures are presented in Table 2.
The values in this table correspond to those reported for a
polyimide prepared from 3,3X,4,4X-biphenyltetracarboxylic di-
anhydride and 4,4X-diaminodiphenyl ether if the effective sep-

Ž .aration layer thickness is 0.1 mm Haraya et al., 1986 . This
polyimide is a high performance material with good combina-
tions of permeability and selectivity for these gases. Haraya
et al. also report the temperature dependence of permeabil-
ity coefficients for a variety of gases in this polymer, and this
information is useful for the simulations, as temperature can
have a significant impact on gas permeability coefficients.

In these simulations, we use pressure-independent perme-
ability coefficients and activation energy values. More sophis-
ticated models of the pressure dependence of permeability
Ž . ŽGhosal and Freeman, 1994 and activation energy Koros et

.al., 1979 , as well as the effect of gas mixture composition on
permeation properties, are available and can easily be imple-
mented if desired. However, our goal is to develop a frame-
work for modeling the effect of expansion-driven cooling of
gas mixtures on separation performance of hollow-fiber con-
tactors and then explore predictions of the model for simpli-
fied cases. Consequently, we have only considered the most

Žbasic model that is, pressure and composition independent
.permeability and activation energy values to describe selec-

tive gas transport through thin polymer membranes. In this
same spirit, we use gas viscosity values at ambient pressure
and the feed temperature, and do not allow viscosity to vary
with pressure or temperature. We use standard mixing rules

Žto estimate the effect of gas composition on gas viscosity Bird
.et al., 1960; Coker et al., 1998 and allow gas viscosity to

Table 2. Permeance Values at Feed Temperature
( )508C for Natural-Gas Separation

UŽ .Component Permeance GPU

CO 22.72
CH 0.74
N 4.42
C H 0.752 6
C H 0.0093 8

U y6 3 Ž . Ž 2 . y12 3Ž . Ž 21 GPUs10 cm STP r cm ? s ? cm Hg s 7.501=10 m STP r m ?
. y13 Ž 2 .s ? Pa s 3.346=10 kmolr m ? s ? Pa .

change with composition along the fibers. Gas viscosity is im-
portant in determining the pressure drop in the bore of the
fibers.

Figure 4 presents pure gas permeability coefficients and
activation energies of permeation of this polyimide at 258C as
a function of penetrant critical volume, V , a convenient mea-c
sure of penetrant size. The sensitivity of the permeability co-
efficient to temperature is given by an Arrhenius expression:

P s P eyEprŽRT . , 40Ž .A o

where E is the activation energy of permeation and P is ap o
temperature-independent front factor.

To provide an indication of the influence of temperature
on gas permeation properties of the penetrants in Figure 4,
Eq. 40 was used to calculate the temperature change re-
quired to double the permeability coefficients. These results
are presented in Figure 5 as a function of penetrant size. In
general, the smaller penetrants, which have lower activation
energies of permeation, require the largest temperature
change to double permeability. As penetrant size increases,
activation energy increases and, in turn, the temperature
change required to double permeability decreases. This re-
sult indicates that not only will membrane permeability coef-
ficients change with temperature, but that selectivity values
Ž .that is, ratios of permeability coefficients will also change
with temperature. For the natural-gas separations considered

Žin this study that is, CO removal from mixtures with2
.methane and other hydrocarbons , selectivity increases as

temperature decreases because the most permeable pene-
Ž .trant CO in this case has the lower activation energy.2

Figure 4. Permeability and activation energy as a func-
tion of penetrant critical volume, V , in thec
polyimide prepared from 3,3X,4,4X -biphenylte-
tracarboxylic dianhydride and 4,4X -diamino-

( )diphenyl ether Haraya et al., 1986 .
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Figure 5. Temperature change required to double per-
meability coefficient as a function of pene-
trant critical volume.
The permeability properties are those of the polyimide
shown in Figure 4.

CO rrrrrCH Separation: temperature-independent2 4
permeability coefficients

Figure 6 shows the process conditions used for simulation
Žof CO removal from natural gas using membranes Bhide2

.and Stern, 1993a,b . The simplest model scenario for natural-
gas treatment is the removal of CO from mixtures with2
methane. In this regard, Figure 6A gives the process condi-
tions used for our binary simulations of natural-gas sweeten-

Žing. While feed-gas conditions temperature, pressure, and

Figure 6. Flowsheets for natural-gas simulations.
Ž . Ž . Ž .A Model binary case Bhide and Stern, 1993a . B Multi-
component case. ALs active fiber length, which is the total
fiber length, L, minus twice the pot length, 0.1 m in this
case.

Figure 7. Effect of feed flow rate and feed composition
( ) ( )of CO on A fractional CO removal and B2 2

stage cut in binary natural-gas separation.

.composition may vary significantly from one gas source to
another, we use typical feed temperature and pressure values
and do not vary these parameters. The gas composition, which
has a large impact on gas thermodynamic properties and
therefore expansion-driven temperature changes, is varied
over ranges typical for CO contents in natural-gas wells. The2

Žmodule parameters number of fibers, fiber geometry, flow
.pattern are typical for hollow-fiber membranes used for this

application.
Figure 7 reports the influence of feed flow rate and CO2

feed composition on fractional CO removal and stage cut.2
Ž .In these results, only binary mixtures CO and CH are2 4

considered. Furthermore, to isolate the effect of temperature
changes due entirely to expansion-driven cooling, the mem-
brane permeation properties are taken to be constant at the
values characteristic of the feed temperature, 508C. From
Figure 7A, as feed flow rate increases, the fraction of CO2
removed from the feed decreases, consistent with the shorter
contact time of the high-pressure residue gas with the active
membrane area at higher feed flow rates. At a fixed flow

July 1999 Vol. 45, No. 7AIChE Journal 1459



Figure 8. Temperature difference between feed and
residue stream as a function of CO composi-2

( )tion in the feed and A feed flow rate per unit
( )membrane area and B stage cut.

The simulation conditions are those for the binary natural-
gas case.

rate, the amount of CO removed from the feed gas in-2
creases as the concentration of CO in the feed increases.2
This result is consistent with the increased driving force for
CO transport from the high-pressure residue stream to the2
low-pressure permeate stream as CO feed concentration in-2
creases. Figure 7B presents the impact of feed concentration
and flow rate on stage cut. Stage cut is the ratio of permeate
flow rate to feed flow rate. Based on the results in Figure 7B,
stage cut follows qualitatively the same trend as fractional
CO removal. At higher feed flow rates, a smaller fraction of2
the gas is transferred from the residue to the permeate
stream. Also, as the feed concentration of CO , the more2
permeable component in the mixture, increases, the total
amount of gas transferred from the residue to permeate
stream increases, and therefore stage cut increases.

Figure 8 presents the effect of feed flow rate and CO feed2
composition on temperature difference between the feed and
residue streams. The simulation conditions are the same as

those used to generate Figure 7. From Figure 8A, the tem-
Žperature change across the module can be quite large as high

.as 408C and is strongly dependent upon the concentration of
CO and the feed flow rate. At fixed flow rate, as CO feed2 2
concentration increases, the temperature change across the
module increases. At fixed feed concentration, the tempera-
ture change across the module decreases with increasing flow
rate. Figure 8B shows the importance of stage cut on temper-
ature change across the module. As stage cut increases, the
temperature difference between the feed and residue ends of
the module increases, as expected. However, stage cut does
not provide a universal correlating parameter for these re-
sults. At the same stage cut, gas mixtures with more CO in2
the feed experience larger temperature decreases from the
feed to residue ends of the module. This result is due to the
fact that changing feed composition changes not only the
amount of gas that permeates across the fiber wall but also

Žthe thermodynamic properties such as heat capacity and PVT
.properties of the gas mixtures in the residue and permeate

streams. While stage cut should track temperature changes
that are directly proportional to the fraction of feed gas that
permeates across the hollow fibers, stage cut will not capture
changes in temperature due to changes in gas thermody-
namic properties.

To provide an indication of the influence of the membrane
on the temperature changes calculated from the feed to
residue side of the membrane module, the temperature
change due to Joule-Thomson expansion from feed condi-
tions to permeate pressure was also calculated. With a feed
containing 40% CO , the temperature decrease because of2
expanding the gas across an adiabatic expansion valve from
59.6 bara to 1.70 bara is 338C. This value is somewhat less
than the maximum temperature change, 40.38C, observed in
the membrane case at the highest stage cut, 53%, for which
simulations are reported. If all of the gas fed to the mem-

Žbrane were expanded to the permeate stream that is, 100%
.stage cut , the temperature difference between the residue

and permeate gas would be similar to that for expanding the
Žgas across an adiabatic expansion valve. Bore-side pressure

buildup would reduce the temperature change in a fiber rela-
.tive to that in an expansion valve. Therefore, we expect the

curves in Figure 8B to go through maxima at higher stage cut
before returning to values similar to the temperature change
across an adiabatic expansion valve at the feed composition.
The membrane both expands the gas and, at stage cuts less
than 100%, selectively enriches the permeate in CO , which2

Ž .is the component in CO rCH mixtures having the strongest2 4
tendency to cool upon expansion. As stage cut approaches
100%, the ability of the membrane to selectively enrich the
permeate in CO diminishes, and the temperature change2
from the high- to low-pressure side of the membrane will de-
crease to a value consistent with that obtained using an adia-
batic expansion valve.

CO rrrrrCH Separation: temperature-dependent permeability2 4
coefficients

For the simulation results presented in Figures 7 and 8,
the gas permeability coefficients were taken to be inde-
pendent of temperature in order to isolate the influence of
gas-phase composition and flow rate on expansion-driven
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Figure 9. Temperature difference between feed and
( )residue stream as a function of A feed flow
( )rate per unit membrane area and B stage cut.

The simulation conditions are those for the binary natural-
gas case. The solid line corresponds to simulations per-
formed with the gas permeability coefficients set to a con-

Ž .stant value that is, their value at feed conditions , and the
dashed line corresponds to simulations run with tempera-
ture-dependent permeability coefficients.

temperature changes. However, as the results in the previous
Žsection indicate, significant temperature changes as high as

.;408C from the feed to residue end of the module may be
observed. Therefore, the binary natural-gas simulations were
also performed with temperature-dependent permeability co-

Žefficients using the activation energy of permeation values
.from Figure 4 . These results are presented in Figure 9 for a

case where the feed concentration of CO is set to 40%. This2
case gives the largest decrease in temperature across the
module of all of the cases considered. Based on the results in
Figure 9A, the temperature difference between the feed and
residue ends of the module at a fixed feed flow rate is lower
when the permeability coefficients vary according to the tem-
perature distribution in the module. Temperature decreases
monotonically from the feed to the residue end of the mod-
ule, so gas permeability coefficients also decrease from the

Žfeed to the residue end of the module since the activation
Ženergies of permeation for these penetrants are positive cf.

..Figure 4 . As an example, for the strongest temperature de-
Ž .crease reported in Figure 9A approximately 418C , the CO2

Žpermeability decreases by approximately a factor of 2 from
.2.2 to 1.1 Barrers and CO rCH selectivity nearly doubles2 4

Ž .from 32 to 61 from the feed to residue end of the module.
ŽThus, the amount of gas permeated and, therefore, ex-

.panded from the high-pressure to the low-pressure side of
the membrane is significantly lower when the permeability
coefficients depend on temperature. Therefore, the effect of
allowing the permeability coefficients to vary with tempera-
ture is to decrease the total amount of gas that can be
processed per unit area of membranes.

As shown in Figure 9B, if the results in Figure 9A are pre-
sented as a function of stage cut, the curves for constant and
variable permeability practically coincide. Thus, for these
simulation conditions, the most important variable for deter-
mining the temperature change is the fraction of the feed gas
that is expanded into the permeate stream. That is, the
changes in membrane selectivity that accompany the change
in permeability coefficients with temperature do not signifi-
cantly impact the enthalpy change upon expanding the gas
into the permeate stream. If the selectivity were a stronger
function of temperature, the coincidence of the curves in Fig-
ure 9B would not be as good since the composition of gas
produced in the permeate stream would change more signifi-
cantly along the module.

CO rrrrrCH separation: fi©e-component simulations2 4

The previous results generated using binary CO rCH gas2 4
mixtures demonstrate general trends for the effect of process

Ž .conditions feed flow rate and CO content on the tempera-2
ture change across a module. However, real natural gas is a
mixture of many components and typically includes inerts
Ž . Ž .such as N and higher hydrocarbons C H , C H , etc. in2 2 6 3 8
addition to CO and CH . An important advantage of our2 4
modeling approach is that one can easily extend it to simu-
late mixtures of many components. As an example, a five-
component natural gas case was considered. The feed com-
position and module parameters are given in the cartoon in
Figure 6B. The CO content was set to 40%, and approxi-2
mately 7% of the methane was replaced by nitrogen and
higher hydrocarbons. The temperature decrease from the
feed end to the residue end of the module is presented as a
function of feed flow rate per unit active membrane area in

Ž .Figure 10A. Results from the binary case 40% CO are also2
included for comparison. For these multicomponent simula-
tions, the permeability coefficients were held constant at their

Žvalues at the feed conditions that is, permeability was not
.allowed to vary with temperature . At the same flow rate, the

temperature change in the module is less for the multicom-
ponent case than for the binary case. This is due primarily to
the smaller amount of gas that permeates from the high-pres-
sure to the low-pressure side of the membrane in the multi-
component case. The components that replace methane are

Ž .similar in permeability N or much lower in permeability2
Ž .higher hydrocarbons than methane, so the total amount of
gas permeated across the membrane is lower for the multi-
component case. This effect is more easily visualized by re-
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Figure 10. Temperature difference between feed and
( )residue stream as a function of A feed flow

( )rate per unit membrane area and B stage
cut for binary natural-gas mixture and multi-
component natural-gas mixture.
Feed composition for binary mixture is 40% CO and 60%2
CH . Multicomponent mixture contains 40% CO , 55.89%4 2
CH , 1.72% N , 1.74% C H , and 0.65% C H .4 2 2 6 3 8

porting the temperature difference in the module as a func-
tion of stage cut, as shown in Figure 10B. From the results in
this figure, the binary and multicomponent cases give essen-
tially the same temperature change in the module at the same
stage cut. Thus, the temperature changes across the module
are more sensitive to stage cut than to, for example, changes
in thermodynamic properties of the multicomponent mixture
relative to those of the binary mixture. In this example, only
about 7% of the methane in the feed was replaced with other
components, and this does not appear to have an appreciable
effect on gas thermodynamic properties important for calcu-
lating temperature changes in the module. If more complex
gas mixtures were considered or if one or more components
in the feed could condense at the conditions inside the mod-
ule, the results could be significantly different from those
presented in the example.

Figure 11. Effect of CO concentration on amount of gas2
that can be processed to reach a residue
composition of 2 mol % CO .2
The simulation conditions for this natural-gas separation
are given in Table 1. DT is the difference between the feed
and residue temperatures.

CO rrrrrCH separation: fixed-residue composition2 4

In the series of binary CO rCH separation simulations2 4
described in this section, the residue concentration is set to 2
mol %, consistent with pipeline specifications in the United

Ž .States Bhide and Stern, 1993a,b . The module size parame-
ters, feed and permeate pressures, and feed temperature are
given in Table 1. The composition of CO in the feed is var-2
ied and the amount of gas that can be treated in one module
is determined. This calculation is performed for two cases,
one with the permeability coefficients set equal to their val-
ues in the feed and held constant and the other with the
permeability coefficients allowed to vary with temperature
according to Eq. 40. The results of this calculation are pre-
sented in Figure 11. As feed CO concentration increases,2
the amount of gas that can be treated decreases because more
CO must be removed from the feed gas with a fixed amount2
of membrane area. The amount of gas that can be treated is
higher at all feed-gas concentrations for the simulations per-
formed with fixed values of permeability coefficients. The dif-
ference between the results for the two cases becomes greater
at higher CO feed concentrations. For example, at 5% CO2 2
in the feed, there is less than 10% difference in the amount
of feed gas that can be treated in the constant permeability
case vs. the variable permeability case. However, at 30% CO ,2
there is approximately a factor of 2 difference in the amount
of gas that can be treated between the cases with constant
permeability and temperature-dependent permeability. That
is, if the effect of expansion-driven cooling of the gas mixture
on the permeability coefficients is included, the amount of
gas that can be treated by a single module will be approxi-

Žmately half the amount anticipated based on constant that
.is, temperature-independent permeability coefficients. The
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Figure 12. Effect of CO concentration on the fractional2
increase in the amount of feed gas that can
be treated with the permeance of each com-
ponent doubled.
The residue composition is fixed at 2 mol % CO . The2
simulation conditions for this CO rCH natural-gas sepa-2 4
ration are given in Table 1. The CO and CH perme-2 4
ances are set to twice the values recorded in Table 2. DT
is the difference between the feed and residue tempera-
tures.

temperature decrease from the feed to the residue side of
the module increases markedly, from 2.38C to 238C, as the
feed CO composition goes from 5% to 30%. As the temper-2
ature decrease from the feed to the residue end of the mod-
ule increases, the influence of expansion-driven cooling on
permeability coefficients and, in turn, on the amount of feed
gas that can be treated increases.

In the second case, the membrane thickness is reduced by
a factor of 2, which has the effect of doubling the perme-
ances of both CO and CH . Therefore, the feed perme-2 4
ances of these gases are twice the values presented in Table
2. This effect should markedly increase the amount of gas
that can be processed in a single module. However, the higher
rates of permeation at a given feed flow rate will result in
more of the feed gas being expanded into the permeate stream
and, therefore, stronger effects of expansion-driving cooling
on membrane performance. This effect will act to reduce the
amount of feed gas that can be treated per unit membrane
area. These simulations are designed to determine the inter-
play between these two factors.

In the simulations, the amount of gas that can be proc-
essed to reach 2% CO in the residue in a single module2
Ž .that is, fixed membrane area is calculated for constant and
temperature-dependent permeabilities. Figure 12 presents
the ratio of feed flow rates with doubled membrane perme-
ance to the feed flow rate with constant, nondoubled perme-
ance as a function of feed CO composition. For the constant2
permeability case, there is almost a doubling of the amount
of feed gas that can be treated upon doubling the membrane

Žpermeances increased bore-side pressure buildup when the

permeances are doubled keeps the feed flow-rate ratio slightly
.less than 2 . For the temperature-dependent permeability

case, the feed capacity decreases strongly as the CO concen-2
tration increases. At 30% CO , the expansion-driven cooling2
mitigates the doubling of permeance to such an extent that
doubling the permeance only increases the amount of feed
gas that can be treated by 20%. This result suggests that large
gains in the feed gas throughput that might be anticipated
Ž .based on neglecting expansion-driven cooling as a result of
thinner, defect-free membranes may be markedly reduced as
a result of the temperature effect for natural-gas separations.

Conclusion
A model is presented to describe temperature changes as-

sociated with expansion-driven cooling of nonideal gas mix-
tures as they permeate across the walls of hollow fibers in
gas-separation modules. For the binary natural-gas case con-
sidered, strong temperature decreases from the feed to
residue end of the module}as much as 408C}are observed
at low feed flow rates and high CO concentrations in the2
feed. In this case, temperature changes are strongly corre-
lated with stage cut, though there are additional effects, such
as changes in gas-phase thermodynamic properties with
changing feed composition, that are not captured by stage
cut. The effect of expansion-driven temperature changes in
membrane permeation properties reduces the stage cut at a
given feed flow rate since gas permeability decreases with de-
creasing temperature. For the multicomponent natural-gas

Ž .cases, the addition of permanent gases that is, N and hy-2
Ž .drocarbons ethane and propane to mixtures of CO and2

CH results in temperature changes that are less, at the same4
feed flow rate, than those obtained for the binary case. This
result is due primarily to the lower permeability of the addi-
tional components relative to that of CH . Neglecting expan-4
sion-driven cooling in natural-gas separation simulations can
lead to large errors in estimating the amount of feed gas that
can be treated per unit area to achieve a fixed residue com-
position. For 30% CO feed concentration, if the effective2

Žmembrane thickness is halved, only a 20% increase rather
.than a factor of 2 in the amount of gas that can be treated

per unit is obtained due to the impact of expansion-driven
cooling.
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Notation
Ž 3 .C sheat capacity m rkmolp

Ž 3 .C sheat capacity of feed gas m rkmolp, F
Ž .D soutside diameter of porous membrane support mo

Ž .F stotal feed flow rate kmolrs
o Ž .H sideal gas enthalpy of component j Jrkmolj

ˆL Ž .H smixing-cup enthalpy of feed stream leaving stage k Jrkmolk
ˆVH smixing-cup enthalpy of permeate stream leaving stage kk

Ž .Jrkmol
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ˆVH smixing-cup enthalpy of permeate stream entering stage kky1
Ž .from stage ky1 Jrkmol

ˆO ,VH sideal gas mixing-cup enthalpy of permeate stream enteringky1
Ž .stage k from stage ky1 Jrkmol

Ž .lsseparating membrane thickness m
Ž .L stotal feed flow rate kmolrsF

Ž .Msmole-fraction-weighted average molecular weight kgrkmol
Ž .P sfeed pressure PaF

Ž .P spermeate pressure PaP
Ž 2 .qsconductive heat flux Wrm

Ž .r sradial position m
Ž .R shollow-fiber inside radius mi

Ž .tstime s
Ž .Usinternal energy Jrkmol

Ž .V stotal permeate flow rate kmolrs
x sfeed mole fraction of component jFj
x sresidue mole fraction of component j on stage kj, k
y spermeate mole fraction of component j on stage kj, k

zsaxial distance along the active section of the hollow fibers
Ž .measured from the residue end of the module m
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Appendix A: Order of Magnitude of Viscous
Dissipation and Reversible Work Contributions to
Energy Balance
Viscous dissipation

To estimate the order of magnitude of viscous dissipation
on the thermal energy balance, we calculate the magnitude of
the temperature change associated with viscous dissipation
for steady, axial, laminar flow in a tube. In this case, the in-
fluence of viscous dissipation on enthalpy is given by the fol-

Ž .lowing form of the thermal energy balance Eq. 1 :

­ H
r ® s=©:t . A1Ž .z ­ z

For a Newtonian fluid of constant viscosity, the viscous dissi-
Ž .pation term for laminar tube flow is Whitaker, 1985

2­ ®z
=©:t sm . A2Ž .ž /­ r

For laminar flow in a tube, the righthand side of Eq. A2 is
Ž .Bird et al., 1960

2 2² :­ ® m ®z z 2m s256 r . A3Ž .4ž /­ r Di

² :where ® is average axial velocity.z
For this order-of-magnitude estimate, we neglect the ef-

fects of changing composition on enthalpy and write the en-
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Ž .thalpy as Whitaker, 1985

­ H ­ T ­ P
r s rC q 1yTb , A4Ž . Ž .p­ z ­ z ­ z

where b is the isobaric thermal-expansion coefficient, which
Ž .is defined as follows Whitaker, 1985 :

1 ­r
b sy . A5Ž .ž /r ­ T p

A rough indication of the magnitude of the effect of viscous
dissipation on flow can be estimated by inserting Eqs. A2,
A3, and A4 into Eq. A1 and neglecting the effect of pressure
changes on temperature. The result is

2² :­ T 32 ® m 2 rrDŽ .z i
s 2 2viscous­ z rC D 1y 2 rrDŽ .p i idissipation

22n 2 rrDŽ .i
s32 Re . A6Ž .3 2C D 1y 2 rrDŽ .p i i

According to Whitaker, an order of magnitude analysis of
Eq. A6 suggests that the order of magnitude of the tempera-

Ž .ture gradient owing to viscous dissipation is Whitaker, 1985

­ T n 2

O s32 Re . A7Ž .3viscous­ zž / C Dp idissipation

In the cases presented in this work, shell-side feed is used.
To calculate the impact of viscous dissipation on the temper-
ature gradient on the bore side of the membrane, the diame-
ter in Eq. A7 is replaced by the hydraulic diameter, D , andH
the appropriate Reynolds number is the shell-side Reynolds
number, Re . In order to calculate Reynolds number, the hy-s
draulic diameter is required. To calculate hydraulic diameter,
the module void fraction, c , must be calculated. The module

w xoutside diameter, D , is taken to be 12 in. 0.3048 m , whichOM
is typical for industrial separators used for natural-gas purifi-
cation. Typically, a collection tube of diameter D runs axi-IM
ally along the center of the module for feed distribution in
shell-side feed and for permeate collection in bore-side feed.

w xThe diameter of the collection tube is set to 2 in. 0.0508 m .
The module void fraction may be calculated from the follow-
ing equation:

2Vol. of fibers 2 R q lw xŽ .o
c s1y s1y N . A8Ž .F 2 2Vol. of module D y DOM IM

For a module with 500,000 fibers and an outside fiber radius
of 150=10y6 m, the void fraction is 0.50. The hydraulic di-

Ž .ameter is given by Bird et al., 1960

R q l Co
D s4 . A9Ž .H ž /2 1yC

For fibers with an outside radius of 150=10y6 m and a void
fraction of 0.50, the hydraulic diameter is 300=10y6 m. The
shell-side Reynolds number, Re , is calculated as followss
Ž .Whitaker, 1985 :

2 R q l GŽ .o s
Re s , A10Ž .s ms

where m is the gas-mixture viscosity, and G is the mass flows s
rate per unit cross-sectional area of the module available for
flow. For example, for pure CO at a feed flow rate of 50,0002

w 3Ž . x Ž 2 .SCFH 0.3933 m STP rs , G is 10.9 kgr m ? s . If the gas is
assumed to have the thermodynamic properties of carbon
dioxide at 508C and 1 atm pressure, then the viscosity is
16.035=10y6 Pa ? s, and the Reynolds number is approxi-

Žmately 200. The gas heat capacity in the limit of low pres-
. Ž . Ž .sure is 880 Jr kg ?K Lide and Kehiaian, 1994 . The kine-

matic viscosity of CO at 508C and 1 atm is 9.662=10y6 m2rs2
Ž .Whitaker, 1985 . Therefore, the order of magnitude of the
temperature gradient due to viscous dissipation is 0.268Crcm.
This temperature change is of the same order of magnitude
as the temperature changes observed due to expansion-driven
changes in gas temperature. However, as described below,
the effect of viscous dissipation is largely offset by an equiva-
lent decrease in temperature due to reversible work.

Re©ersible work
To estimate the impact of reversible work on the thermal

energy balance, we estimate the magnitude of the tempera-
ture gradient associated with reversible work for steady, ax-
ial, laminar flow in a tube. We neglect the effect of viscous
dissipation and heat conduction and write the thermal energy

Ž .balance Eq. 1 as follows:

­ H ­ P
r s . A11Ž .

­ z ­ z

ŽThe pressure gradient for laminar tube flow is Whitaker,
.1985

² :­ P m ®z
sy32 . A12Ž .2­ z Di

Inserting Eqs. A4 and A12 into A11 gives

² : 2­ T m ® nz
sy32 Tb sy32 Re Tb . A13Ž .2 3reversible­ z rC D C Dp i p iwork

For an ideal gas, the compressibility coefficient is equal to
1rT , and the expression for reversible work becomes

­ T n 2

sy32 Re . A14Ž .3reversible­ z C Dp iwork

As for viscous dissipation, for the shell-side feed cases of in-
terest in this work, the appropriate Reynolds number in Eq.
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A14 is the shell-side Reynolds number, and the appropriate
diameter is the hydraulic diameter. This term has the same

Ž .order of magnitude as the viscous dissipation Eq. A7 , but is
opposite in sign. That is, the temperature gradient due to
reversible work for the flow conditions described earlier is
y0.268Crcm if the gas behaves ideally. As gas travels along
the fibers, it is heated as a result of viscous dissipation and
cooled as a result of reversible work. Within the scope of this
order-of-magnitude analysis, these two effects cancel one an-
other. Therefore, in the remainder of the analysis of the ther-
mal energy balance, we neglect both effects.

A deeper analysis should consider the impact of nonideal
gas behavior on reversible work and the effect of the perme-
able fiber walls on both the reversible work and viscous dissi-
pation. Using the Redlich-Kwong equation of state, the prod-
uct b T can be evaluated analytically. The result is

R a
q

3r2ˆ ˆ ˆV y b 2T V V q bŽ .
b T s , A15Ž .ˆ ˆR V a 2V q b

y
3r2ˆ ˆ ˆˆ ˆV y b V y b V q bT V V q bŽ .

where a and b are parameters from the Redlich-Kwong
ˆequation of state, V is the molar volume of the gas, and R is

the gas constant. The value of b T for a mixture of CO and2
ŽCH at 508C and 59.6 bar the feed conditions for our natu-4

.ral gas purification simulations is 1.6 when the CO concen-2
tration is 40 mol. %, which is the highest value considered in
these simulations. In this case, the absolute value of the re-
versible work term will be larger than that due to viscous
dissipation, and the net temperature change along the shell
side of the fibers will be y0.158Crcm. This is a conservative
Ž .that is, high estimate of the absolute value of the magnitude
of this effect because, as the gas travels along the fibers, the
residue side flow rate decreases due to permeation into the
bore of the fibers. As the flow rate decreases, the importance
of these effects is diminished. However, in the case of non-
ideal gas mixtures, these effects are strong enough that they
warrant further study. It would be particularly interesting to
understand better, perhaps using a more elaborate two- or
three-dimensional model of the fluid mechanics, mass trans-
fer, and heat transfer in a module, the detailed impact of
viscous dissipation and reversible work on temperature pro-
file in modules. However, such an analysis is not possible
within the scope of the one-dimensional model described in
this work.

Appendix B: Heat-Transfer Model for Hollow Fiber
Wall

In this Appendix, a model is provided to estimate the over-
all heat-transfer coefficient for the wall of the hollow fibers.
In this regard, Figure B1 presents a cartoon of the cross sec-
tion of a hollow fiber. The steady-state heat transfer from the
shell side of the fiber to the bore of the fiber is modeled as a

Ž . Ž .series of four resistances: 1 bore side boundary layer; 2
Ž .porous fiber support; 3 dense separating layer of the mem-

Ž .brane; and 4 shell side boundary layer. In terms of these

Figure B1. Fiber cross section for heat-transfer-re-
sistence model.

Žresistances, the overall heat-transfer coefficient based on
. Ž .outside area defined in Eq. 22 is given by Whitaker, 1985

1 R q l R R q l RŽ . Ž .o o o o
U s q lno ž /h R k R RB i s o i

y1R q l R q l 1Ž .o o
q ln q B1Ž .ž /k R hM o S

where h and h are the heat-transfer coefficients associatedB S
with the bore side and shell side boundary layer resistances
to heat transfer, respectively. The inner and outer radii of
the porous hollow fiber support are R and R , respectively.i o
The thickness of the membrane separating layer is l. The
thermal conductivities of the support layer and separating
layer are k and k , respectively. The bulk or mixing-cupS M
temperatures of the gas in the bore of the fibers and on the
shell side of the fibers are T and T , respectively.B S

For calculations of the bore- and shell-side resistances to
heat transfer, there are no available heat-transfer correla-
tions specifically derived for hollow fibers used in gas separa-
tions. Therefore, in the following analysis, we use heat-trans-
fer correlations originally derived for heat exchangers, that is,
impermeable tubes. In our earlier studies of pressure distri-

Ž .bution in hollow fibers Coker et al., 1998 , we showed that
for typical operating conditions, the fiber wall permeability
did not influence the velocity profiles enough to invalidate
the use of Poiseuille’s law, which was derived for imperme-
able tubes. In the same spirit, we use heat-transfer correla-
tions derived for impermeable tubes as a first approximation
in the analysis of the gas-phase resistances to heat transfer.

The bore-side boundary-layer resistance is modeled using
the following solution to the Graetz problem for heat trans-

Ž .fer to fluids in laminar flow in long tubes Whitaker, 1985 :
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kG , B
h s3.66 , B2Ž .B 2 Ri

where k is the average thermal conductivity of the gas inG, B
the bore of the fibers at a particular location in the fibers.
For flow rates of interest in typical industrial applications,
the product of the Reynolds number and Prandtl number are
sufficiently low to make Eq. B2 valid for all of the gas flow

Ž .1r3rates considered in this study. If Re Pr R rL is greaterB B i
than 1, an additional term is added to Eq. B2. This correc-

Ž .tion is provided in the literature Whitaker, 1985 . Re andB
Pr are the bore-side Reynolds number and Prandtl number,B
respectively, and L is the fiber length. In practice, Eq. B2
should be valid for most cases of practical interest. Since the
gas composition varies along the fibers, k will change,G, B
which will change h . For the purposes of this estimate, sinceB
the thermal conductivity of the gases considered in these sim-

Ž .ulations such as CO and CH are similar, we treat h as a2 4 B
constant with its value set based on the gas composition in
the feed to the module. If desired, of course, the value of hB
could be computed locally along the fiber length and used in
the calculation of U .o

To provide an estimate of the resistance to heat transfer
resulting from the bore-side boundary layer, Table B1 was
prepared. In this table, the bore-side resistance is calculated
for several limiting cases of temperature and pressure. Limit-

Ž .ing cases in composition that is, 100% CO and 100% CH2 4
Ž .and pressure atmospheric and 100 bar are considered. These

conditions bracket the simulation conditions used in this
study. The inside fiber radius was taken to be 75=10y6 m,
and the outside fiber radius, R q l, was taken to be 150=o
10y6 m. These values were used throughout this study and
are representative of current industrial modules. The resis-
tance to heat transfer is of the order of several hundred

Ž 2 .Wr m ?K .
The resistance to heat transfer in the porous support of

the hollow fiber was modeled as a one-dimensional solid
polymer matrix containing continuous channels connecting
the bore side of the porous support to the membrane side of
the support. Accordingly, the effective thermal conductivity
of the support, k , is given by the following approximation:S

k sf k q 1yf k , B3Ž .Ž .S P P P G , B

where k is the polymer thermal conductivity, and f is theP P
volume fraction of polymer in the porous support. Current
industrial hollow fibers have a porosity of approximately 50%,

Table B1. Bore-Side Boundary-Layer Resistance to
Heat Transfer

3 w Ž .xk =10 h h R r R q lG , B B B i o
U 2 2w Ž .x w Ž .x w Ž .xGas Wr m ?K Wr m ?K Wr m ?K

1 bar, 508C
CO 18.4 448 2242
CH 37.6 917 4584

100 bar, 508C
CO 74.4 1,815 9082
CH 47.7 1,164 5824

U Ž .Gas thermal conductivity data from Inyushkin 1997 .

so f was set to 0.5. Based on a polymer thermal conductiv-P
Ž . Žity value of 0.2 Wr m K , which is typical for poly methyl-

. Ž .methacrylate , a common glassy polymer Wunderlich, 1989 ,
and the extremes in the gas thermal conductivity values pre-
sented in Table B1, the range for the resistance to heat trans-
fer of the porous support is

kS 21,050- -1,320 Wr m ?K . B4Ž . Ž .
R q l ln R rRŽ . Ž .o o i

This resistance is smaller than the gas-phase resistance in the
bore side of the hollow fibers.

The heat-transfer resistance of the separating membrane
layer is estimated assuming a separating layer thickness, l, of
0.1=10y6 m and a membrane thermal conductivity of 0.2

Ž .Wr m K . In this case, the heat-transfer resistance is

k 1 kM M 6 2f s2=10 Wr m ?K B5Ž . Ž .
R q l ln 1q lrR lŽ . Ž .o o

and clearly offers no significant resistance to heat transfer.
To estimate the heat-transfer resistance to the shell-side of

the hollow fibers, the following correlation is used:

kG , S 1r3h s 3.66q1.077 Re Pr R q l rD ,Ž .Ž .S S S o H2 R q lŽ .o

B6Ž .

where k is the average thermal conductivity of the gas onG, S
the shell side of the fibers, and D is the hydraulic diameterH
of the shell side of the module in meters. The Reynolds and
Prandtl numbers of the gas on the shell side of the fibers are
Re and Pr , respectively, and the hydraulic diameter of theS S
shell is D . This correlation was kindly provided by Dr. SteveH

Ž .Auvil of Air Products and Chemicals, Inc. Allentown, PA
and is based on numerical solutions of the governing momen-
tum, mass, and heat-transfer equations in a model of an in-
dustrial gas separation module.

For this order of magnitude estimate, we estimate the gas
physical properties at 59.6 bar and 508C, which are the feed
temperature and pressure used in these simulations. For this
particular example, the feed-gas composition is 40% CO and2
60% CH . The heat capacity of this gas mixture was esti-4

Ž .mated, using the Lee-Kesler method, to be 45,800 Jr kmol ?K
Ž .Reid et al., 1987 . The thermal conductivity of the mixture,
based on linear interpolation using the values in Table B1, is

y3 Ž .47=10 Wr m ?K . The feed flow rate is 50,000 SCFH
w 3Ž . x Ž 2 .0.3933 m STP rs , so G is 6.72 kgr m ? s if the values of
D and D are 0.3048 m and 0.0508 m, respectively. AsOM IM
indicated in Appendix A, the shell-side Reynolds number is
approximately 149 and the hydraulic diameter is 300=10y6

m for this case. Based on these estimates, the shell side con-
vective heat-transfer coefficient is estimated from Eq. B6 to

Ž 2 .be 1,130 Wr m ?K .
The largest resistances to heat transfer across the fiber wall

are the heat-transfer resistances in the gas-phase boundary
layers and in the membrane support. For the example consid-
ered in this Appendix, the membrane layer of the hollow fiber
offers negligibly a very small contribution to the overall resis-
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tance, so that U can be written as follows:o

y11 R q l R R q l R 1Ž . Ž .o o o o
U f q ln qo h R k R R hB i S o i S

y11 R R R 1o a o
f q ln q . B7Ž .ž /h R k R hB i s i S

Based on the values for these contributions, the overall heat-
transfer coefficient should have a value of the order of sev-

Ž 2 .eral hundred Wr m ?K .
To estimate the importance of the overall heat-transfer co-

efficient on the temperature distribution in the module, the
Ž . Žnumber of transfer units NTU is defined as follows Kays

.and London, 1984 :

U Ao
NTUs , B8Ž .

LCŽ .p min

where A is the total surface area of the membrane module,
Ž .and LC is the minimum value of the product of flowp min

rate and heat capacity. As NTU increases, the efficiency of
Žheat transfer across the fiber wall increases that is, the

amount of heat exchanged between the residue and perme-
ate sides of the fibers approaches the maximum amount al-

.lowed based on thermodynamic constraints . For the condi-
tions considered in this study, NTU is sufficiently high that
the fiber wall behaves as an essentially infinitely conductive
heat-transfer surface. A calculation of the NTU of the feed,
permeate, and residue streams for the binary natural-gas case

discussed in this study gives the following order for the NTU
values:

NTU -NTU -NTU .Feed residue permeate

For the particular case when the feed flow rate is 2,639
3Ž .m STP rh and the feed concentration is 40% CO , the NTU2

value of the feed stream is approximately 72 and that of the
w Ž 2 .permeate is approximately 135 U s290 Wr m ?K ; As377o

2 3Ž . xm ; flow rates1,416 m STP rh . For a countercurrent heat
exchanger, a value of NTU of 30 means that the exchanger
efficiency is at least 97%, which means that the amount of
energy exchanged between the permeate and residue streams
would be at least 97% of the maximum possible energy ex-

Ž .change Kays and London, 1984 . Since the NTU values in
our studies for even the highest flow rates are substantially
higher than this, it is a good approximation to assume that
the fiber wall is essentially infinitely conductive. Therefore,
at a given axial position in the module, the local residue tem-
perature is practically equal to the local permeate tempera-
ture. Based on these considerations, all of the simulation re-
sults reported in this study were obtained with U set to 1,000o

Ž 2 .Wr m ?K . When the overall heat-transfer coefficient was
Ž 2 . Ž 2 .varied from 290 Wr m ?K to 1,000 Wr m ?K , there was no

significant difference in the temperature profiles over the
range of flow rates and simulation conditions considered.
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